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Abstract
If ∇ is a torsionless connection on the tangent bundle of a manifold M the
Weyl curvature W∇ is the part of the curvature in kernel of the Ricci contraction.
We give a coordinate free proof of Weyl’s result that W∇ vanishes if and only if
(M,∇) is (locally) diffeomorphic to RPn with ∇, when transported to RPn, in the
projective class of ∇LC , the Levi-Civita connection of the Fubini–Study metric on
RPn.
If M is even dimensional and J(M) denotes the bundle of all endomorphisms j
of the tangent spaces ofM , a connection∇ determines an almost complex structure
J∇ on J(M) [9]. We show that J∇ is a projective invariant, that an integrable
J∇ can be obtained from a torsionless connection and that we must then have
W∇ = 0. We also show for torsionless connections ∇, ∇′ that J∇ = J∇
′
if and
only if ∇ and ∇′ are projectively equivalent.
1 Introduction
In Riemannian geometry the Ricci tensor splits into two irreducible pieces under the
orthogonal group, the scalar curvature which is its trace and the traceless Ricci tensor.
The part of the curvature tensor lying in the kernel of the Ricci contraction is also
irreducible and known as the Weyl tensor. If the manifold is oriented, this decomposition
is still irreducible under the special orthogonal group except in dimension 4 where the
Weyl tensor decomposes into its self- and anti-self-dual parts. This decomposition was
obtained by Singer and Thorpe [12]. It is shown in Eisenhart [7] that the Weyl tensor
is the obstruction to the Riemannian manifold being conformally flat.
The bundle of Hermitean structures on the tangent spaces of an even dimensional
Riemannian manifold carries a natural almost complex structure whose integrability
condition is the vanishing of the Weyl tensor [3, 6, 9]. In dimension 4, if only Hermitean
structures compatible with an orientation are used then the integrability condition is
the vanishing of the self-dual part of the Weyl tensor which leads to the celebrated
Riemannian analogue of Penrose’s twistor theory developed by Atiyah, Hitchin and
Singer [1].
Other authors have considered decompositions of the curvature tensor into irreducible
components and corresponding integrability conditions in a number of contexts, in par-
ticular for unitary [9, 13], quaternionic [11] and symplectic structures [14, 15].
In the present paper we look at the case with the least restriction on the structure
group, the case of a linear connection on a manifold and show that this leads naturally
to projective geometry.
A torsionless connection ∇ on the tangent bundle of an n-dimensional manifold M
defines a projective structure: the family of connections sharing the same geodesics as ∇.
The Weyl curvature tensor W∇ of ∇ is the part of the curvature in kernel of the Ricci
contraction. When n = 2, W∇ ≡ 0 but there is an analogue C∇ of the Cotton–York
tensor of 3-dimensional conformal geometry. We give a low-technology, coordinate-free
proof of Weyl’s theorem [18] that W∇ and, for n = 2, C∇, are projectively invariant
and vanish if and only if (M,∇) is (locally) isomorphic to (RP n,∇LC) where ∇LC is the
Levi-Civita connection.
If J(M) denotes the bundle of all endomorphisms j of the tangent spaces of M , a
connection ∇ determines an almost complex structure J∇ on M . We show that J∇ is
a projective invariant, that an integrable J∇ can always be obtained from a torsionless
connection and, in that torsionless case, J∇ is integrable if and only if W∇ = 0. In
particular, when n = 2, J∇ is always integrable even when C∇ is non-zero. We also
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show that for torsionless connections ∇ and ∇′ we have J∇ = J∇
′
if and only if ∇ and
∇′ are projectively equivalent.
The paper is structured as follows:
In section 2 we set the scene and establish notation.
In section 3 we describe the decompositions of torsion and curvature tensors and
show that the Weyl component of the curvature is projectively invariant.
In section 4 we look at the twistor theory and show that the Weyl component of the
curvature is the obstruction to integrability of the twistor almost complex structure.
Theorem 4.2 The almost complex structure J∇ on J(M) defined by a connection ∇
on M only depends on the projective class of ∇. If ∇ and ∇′ both have zero torsion then
J∇ = J∇
′
if and only if ∇ and ∇′ are projectively equivalent.
Theorem 4.3 If J∇ is integrable then there is another connection ∇′ defining the same
almost complex structure on J(M) and with zero torsion.
Theorem 4.4 Let ∇ be a torsion-free connection then J∇ is integrable if and only if
W∇ = 0.
In section 5 we prove
Theorem 5.6 ([18]) Let M be an n-dimensional manifold with torsion-free connection
∇. Suppose that either n ≥ 3 and W∇ = 0 or n = 2 and C∇ = 0. Then there are local
affine diffeomorphisms between M and RP n equipped with a connection in the projective
class of the symmetric connection.
2 Preliminaries
2.1 Connections, curvature and torsion
Let M be a manifold and ∇ a connection in TM . Its torsion T∇ and curvature R∇ are
given by
T∇(X, Y ) = ∇XY −∇YX − [X, Y ],
R∇(X, Y )Z = ∇X∇Y Z −∇Y∇XZ −∇[X,Y ]Z.
T∇ is a TM-valued 2-form and R∇ an End TM-valued 2-form. As forms they have
covariant exterior derivatives computed using ∇. It is easy to check that we have the
First Bianchi Identity
(d∇T∇)(X, Y, Z) = R∇(X, Y )Z +R∇(Y, Z)X +R∇(Z,X)Y (1)
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and the Second Bianchi Identity
0 = (d∇R∇)(X, Y, Z)
= (∇XR
∇)(Y, Z) + (∇YR
∇)(Z,X) + (∇ZR
∇)(X, Y )
+R(T (X, Y ), Z) +R(T (Y, Z), X) +R(T (Z,X), Y ). (2)
The Ricci curvature, r∇, of a linear connection is given by
r∇(X, Y ) = Tr
(
Z 7→ R∇(X,Z)Y
)
.
There is a second trace we could take
s∇(X, Y ) = Tr(R∇(X, Y ))
which gives a 2-form. If Xi is a local frame field and α
i the dual frame field so that
αi(Xj) = δ
i
j then, using the First Bianchi Identity,
s∇(X, Y ) =
∑
i
αi(R(X, Y )Xi)
=
∑
i
αi
(
(d∇T∇)(X, Y,Xi)−R(Y,Xi)X −R(Xi, X)Y
)
= r∇(X, Y )− r∇(Y,X) +
∑
i
αi
(
(d∇T∇)(X, Y,Xi)
)
.
In particular, the Ricci tensor is symmetric when s∇ = 0 and ∇ is torsion-free, but not
in general.
When ∇ is torsion free, the second trace is determined by the antisymmetric part of
the Ricci tensor.
2.2 A bundle of Lie algebras
The bundle TM ⊕ EndTM ⊕ T ∗M carries the structure of a bundle of Lie algebras
that will be useful to us. For this, declare TM and T ∗M to be abelian subalgebras, give
EndTM the usual commutator bracket and then, for (X,A, α) ∈ TM⊕End TM⊕T ∗M ,
set
[A,X ] = AX
[α,A] = α ◦ A
and define [X,α] ∈ End TM by
[X,α]Y = α(X)Y + α(Y )X.
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It is straightforward to check that this bracket does indeed satisfy the Bianchi identity
but a more conceptual explanation is available: fix a line bundle Λ and set V = Λ⊕TMΛ
where here and below we use juxtaposition to denote tensor product with a line bundle.
Contemplate the bundle sl(V ) of trace-free endomorphisms of V . This bundle of Lie
algebras decomposes:
sl(V ) = Hom(Λ, TMΛ)⊕ sl(End(Λ)⊕ End(TMΛ))⊕ Hom(TMΛ,Λ).
The first and last summands are canonically isomorphic to TM and T ∗M respectively,
while the adjoint action provides an isomorphism
sl(End(Λ)⊕ End(TMΛ)) ∼= End(Hom(Λ, TMΛ)) ∼= EndTM.
Putting all this together, we arrive at a bundle isomorphism
sl(V ) ∼= TM ⊕ End TM ⊕ T ∗M
which is readily shown to be an isomorphism of Lie algebras.
2.3 G-structures and Representations
Let G be a Lie group and M a manifold of dimension n then a G-structure on M is
a principle G-bundle π : P → M together with an n-dimensional representation V of
G such that TM is isomorphic to the associated bundle P ×G V . More precisely, we
consider the V -frame bundle Fr(M) consisting all the linear isomorphisms b : V → TxM
of V with the tangent spaces of M and the obvious projection map πM , then a G-
structure is a morphism P → Fr(M) covering the homomorphism G → GL(V ) given
by the representation. The isomorphism of P ×G V with TM is then induced by the
identification TM = Fr(M)×GL(V ) V .
This leads to further identifications of space of tensors onM with associated bundles
of P . For instance, torsion tensors are sections of the bundle associated to the repre-
sentation Λ2V ∗ ⊗ V and curvature tensors to Λ2V ∗ ⊗ gl(V ) = Λ2V ∗ ⊗ V ∗ ⊗ V . The
G-structure in this case is the standard one with G = GL(V ) and P = Fr(M). We
adopt the more general language simply because the questions we examine here make
sense in the more general context.
Even when the initial representation of G on V is irreducible, the representations on
tensor spaces may not be. For example ΛkV and ΛkV ∗ are irreducible under GL(V ) but
Λ2V ∗ ⊗ V is not. If W is some representation of G and W =
⊕
kWk a decomposition
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into irreducible subrepresentations (we assume here that we are dealing with groups for
which such a decomposition is always possible and unique up to multiplicities) then this
splitting induces a splitting of the corresponding associated bundles and we can project
P×GW into the subbundles P×GWk. We refer to the projections of a section of P×GW
into the P ×G Wk as its irreducible components.
In the next section we determine the irreducible components of tensors of torsion
and curvature type for G = GL(V ).
3 Decomposition of torsion and curvature
On a manifoldM with a particular structure group G we can break the spaces of tensors
on M of a particular kind into those taking values in irreducible subspaces under G.
For example, on a Riemannian manifold (of dimension at least 4) the Singer–Thorpe
Theorem [12] says that the curvature of the Levi-Civita connection breaks into 3 pieces
under the orthogonal group, the scalar curvature, the traceless Ricci tensor and the
Weyl curvature. On oriented 4-manifolds there is a further decomposition of the Weyl
curvature under the special orthogonal group into self-dual and anti-self-dual parts. We
are interested here in the case where G is the general linear group. Irreducibility is
determined by the semisimple part, and only when counting multiplicities do we need to
look at how the centre acts on summands where highest weight of the semisimple part
is the same.
In the following we suppose that V is a complex vector space and we handle real
vector spaces by replacing them by their complexifications. Denote by SpV and ΛpV the
p-th symmetric and exterior powers of V , respectively, and similarly for the dual space
V ∗. We denote the symmetric product by juxtaposition and exterior multiplication by
a wedge. The Lie algebra gl(V ) is isomorphic to V ∗ ⊗ V .
As noted in the previous section, torsion tensors are sections of a bundle whose fibre
is associated to the representation of GL(V ) on Λ2V ∗ ⊗ V and curvature tensors the
representation on Λ2V ∗ ⊗ gl(V ) = Λ2V ∗ ⊗ V ∗ ⊗ V .
Let us summarise the highest weight theory that we need to decompose these rep-
resentations. If dimV = n then sl(V ) has rank n − 1. There are n − 1 fundamen-
tal representations with highest weights ωi and we number them so that ωi is the
highest weight of ΛiV . As representations of SL(V ), ΛiV ∗ = Λn−iV . The weights
of V are {ω1, ω2 − ω1, ω3 − ω2, . . . , ωn−1 − ωn−2,−ωn−1} and the weights of V
∗ are
{−ω1, ω1 − ω2, ω2 − ω3, . . . , ωn−2 − ωn−1, ωn−1}.
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We denote by V (m1, . . . , mn−1) the irreducible representation of SL(V ) whose highest
weight is m1ω1 + · · ·+mn−1ωn−1. Thus V = V (1, 0, . . . , 0), V
∗ = V (0, . . . , 0, 1) Λ2V ∗ =
V (0, . . . , 0, 1, 0) and so on.
The highest weights occurring in the decomposition of the tensor product of two irre-
ducibles can be found amongst the highest weight of one factor plus an arbitrary weight
of the other. When the second factor has weights of multiplicity 1 then it follows easily
from Littelmann’s method [8] that the set of irreducible components is in bijection with
the dominant elements of this set and these are the highest weights of the components.
Fortunately, both V and V ∗ have all weights of multiplicity 1.
3.1 Torsion
Torsion tensors live in Λ2V ∗⊗ V and so the highest weights of the irreducible factors of
this space will be the dominant elements of the set ωn−2+{ω1, ω2−ω1, ω3−ω2, . . . , ωn−1−
ωn−2,−ωn−1}. Dominant weights have all coefficients non-negative and so, by inspection,
these are just {ωn−2 + ω1, ωn−1}. The second of these is the highest weight of V
∗. Thus
we have Λ2V ∗⊗ V = T1⊕T2 with T1 = V (1, 0, . . . , 0, 1, 0) and T2 = V (0, . . . , 0, 1) = V
∗.
We have a map Λ2V ∗ ⊗ V → V ∗ given by taking a basis ei for V and dual basis ǫ
i
for V ∗ and setting
T̂ (X) =
∑
i
ǫi(T (X, ei))
which defines an element T̂ for each element T of Λ2V ∗ ⊗ V . Conversely, given α ∈ V ∗
we can obtain α ∈ Λ2V ∗ ⊗ V by setting
α(X, Y ) = α(X)Y − α(Y )X.
Then
α̂(X) =
∑
i
ǫi(α(X)ei − α(ei)X) = (n− 1)α(X).
It follows that the component of T in T2 is
T2(X, Y ) =
1
n− 1
∑
i
ǫi(T (X, ei))Y − ǫ
i(T (Y, ei))X
and the component of T in T1 is T2 = T − T1. T = T1 + T2 is then the decomposition of
the torsion into irreducible components under GL(V ).
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3.2 Curvature
We decompose curvature by first looking at Λ2V ∗ ⊗ V ∗. This has highest weights the
dominant elements amongst ωn−2+{−ω1, ω1−ω2, ω2−ω3, . . . , ωn−2−ωn−1, ωn−1} which
are {ωn−3, ωn−2 + ωn−1}. The first of these corresponds with Λ
3V ∗ = V (0, . . . , 0, 1, 0, 0)
and the second is a representation we call B0 = V (0, . . . , 0, 1, 1).
Curvatures live in the space Λ2V ∗ ⊗ V ∗ ⊗ V which thus has a partial decomposition
Λ3V ∗ ⊗ V ⊕ B where B = B0 ⊗ V To decompose this further we can apply the method
again. The first piece decomposes as the irreducibles which have a highest weight the
dominant elements of ωn−3 + {ω1, ω2 − ω1, ω3 − ω2, . . . , ωn−1 − ωn−2,−ωn−1}, and these
are {ωn−3 + ω1, ωn−2}. B decomposes as the irreducibles which have a highest weight
the dominant elements of ωn−2+ ωn−1+ {ω1, ω2− ω1, ω3− ω2, . . . , ωn−1− ωn−2,−ωn−1},
and these are {ωn−2+ωn−1+ω1, 2ωn−1, ωn−2}. The last two are highest weights of S
2V ∗
and Λ2V ∗ respectively.
3.3 Zero Torsion
We look at the case where the torsion vanishes. In this case (1) implies that the curvature
satisfies the first Bianchi Identity
R∇(X, Y )Z +R∇(Y, Z)X +R∇(Z,X)Y = 0.
But, when we have an element α ∈ Λ2V ∗ ⊗ V ∗, then the combination 1
3
(α(X, Y )Z +
α(Y, Z)X + α(Z,X)Y ) is alternating and is precisely its projection into Λ3V ∗. Thus
curvatures of torsion zero connections lie in the subspace B which we call the Bianchi
tensors .
On the space B the Ricci contraction produces an element r∇ in V ∗ ⊗ V ∗ = Λ2V ∗ ⊕
S2V ∗. We want to go in the reverse direction and build a Bianchi tensor from an element
of V ∗⊗V ∗. For this, we use the bracket of section 2.2: view Q ∈ V ∗⊗V ∗ as a V ∗-valued
1-form and the identity map Id as a V -valued 1-form then [Q ∧ Id] ∈ Λ2V ∗ ⊗ End(V )
defined by
[Q ∧ Id](X, Y ) = [Q(X), Y ]− [Q(Y ), X ]
takes values in B. Moreover, the Ricci contraction of [Q ∧ Id] is
−(n + 1)Q− − (n− 1)Q+
where Q+, Q− are the symmetric and skew parts of Q. Thus the decomposition of B
into irreducibles reads
B =W ⊕ [S2V ∗ ∧ Id]⊕ [Λ2V ∗ ∧ Id],
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with W the kernel of the Ricci contraction, and the corresponding decomposition of a
curvature tensor R∇ is
R∇ =W∇ −
1
n− 1
[r∇+ ∧ Id]−
1
n+ 1
[r∇
−
∧ Id].
By analogy with the Riemannian case, we call W∇ so defined, the Weyl component of
the curvature.
3.4 Projective Invariance of the Weyl Tensor
The projective class of a torsion free connection ∇ consists of all (necessarily) torsion-free
connections of the form
∇α = ∇− [α, Id],
for a 1-form α. Thus
∇αXY = ∇XY + α(X)Y + α(Y )X.
A standard computation gives
R∇
α
= R∇ − d∇[α, Id] +
1
2
[[α, Id] ∧ [α, Id]]
= R∇ − [d∇α ∧ Id] +
1
2
[[α, Id] ∧ [α, Id]]
since d∇ Id = T∇ = 0. As for the zero-order term, since TM is abelian, [Id∧ Id] = 0
and the Jacobi identity (for the superalgebra of Lie algebra valued forms) then gives
[Id∧[α ∧ Id]] = [[Id∧α] ∧ Id]
= −[Id∧[α ∧ Id]]
so that [Id∧[α ∧ Id]] = 0. Bracketing this last with α gives
0 = [α, [Id∧[α ∧ Id]]] = [[α, Id] ∧ [α, Id]] + [Id∧[α, [α ∧ Id]]]
and we conclude that
R∇
α
= R∇ − [(d∇α +
1
2
[α, [α ∧ Id]]) ∧ Id].
Thus R∇
α
−R∇ lies entirely in [T ∗M ⊗ T ∗M ∧ Id] and in particular
W∇
α
=W∇.
Thus the Weyl curvature is a projective invariant.
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4 Application to Twistor Theory
Additional details on the structure of twistor spaces needed to prove the results in this
section can be found in [9, 10].
If M is a manifold we denote by J(M) the bundle over M whose fibre at x ∈ M
consists of all endomorphisms j of the tangent space at x with j2 = −1, and we let
π : J(M)→M be the bundle projection. For this to make sense, the dimension n of M
must be even, say n = 2m. The differential dπ of π is a surjective bundle morphism from
TJ(M) to the pull-back E of TM to J(M). The kernel of dπ is the vertical tangent
bundle V. At j ∈ J(M) the vertical space Vj can be identified with endomorphisms of
Ej which anticommute with j. End(E) has a canonical section J given by Jj = j.
If∇ is a connection in TM it induces a pull-back connection π∗∇ in E and the covari-
ant differential π∗∇J is an End(E)-valued 1-form on J(M) whose values anticommute
with J . In fact, if we identify V with such endomorphisms, then π∗∇J : TJ(M) → V
is surjective, so the kernel is a subbundle H of TJ(M) which is mapped isomorphically
onto E by dπ. J gives E a complex structure and left multiplication by J gives V a
complex structure. There is then a unique almost complex structure J∇ on J(M) such
that
dπ(J∇X) = J dπ(X) and π∗∇J∇XJ = J π
∗∇XJ .
The (1, 0) tangent spaces of J∇ on J(M) are spanned by vectors of the form (J∇+i)X
and the (0, 1) tangent spaces by (J∇ − i)X . Thus the (1, 0) forms are spanned by
components of dπ ◦ (J∇ + i) = (J + i)dπ and X 7→ π∗∇(J∇+i)XJ = (J + i)π
∗∇XJ .
If we change the connection from ∇ to ∇′ = ∇+ A then π∗∇′ = π∗∇+ π∗A. Thus
π∗∇′J = π∗∇J + [π∗A,J ]
and
(J + i)π∗∇′J = (J + i)π∗∇J + (J + i)[π∗A,J ].
∇′ will define the same almost complex structure as ∇ provided (J + i)[π∗A,J ] is a
(1, 0)-form. This will be the case if and only if
(J + i)[π∗A((J∇ − i)X),J ] = (J + i)A((J − i)dπX)(J − i) = 0.
As an endomorphism-valued 1-form, (j + i)Ax((j − i)X)(j − i) is the projection of Ax
into the 3i eigenspace of j on T ∗xM ⊗ T
∗
xM ⊗ TxM
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Proposition 4.1 Two connections ∇ and ∇′ = ∇ + A define the same almost com-
plex structure on J(M) if and only if no irreducible component of A has values in an
irreducible subspace of V ∗ ⊗ V ∗ ⊗ V where j0 has a 3i eigenvalue.
Proof Each j is obtained from one fixed j0 by conjugation by an element g of GL(V ).
So a statement about all j is equivalent to a statement about a single j0 provided we
apply it to whole irreducible components with respect to GL(V ) at a time. The result
now follows from the preceding calculation.
Theorem 4.2 The almost complex structure J∇ on J(M) defined by a connection ∇
on M only depends on the projective class of ∇. If ∇ and ∇′ both have zero torsion then
J∇ = J∇
′
if and only if ∇ and ∇′ are projectively equivalent.
Proof If∇ and∇′ are projectively equivalent then A ∈ [T ∗M∧Id] and so has values in
the irreducible components where only ±i eigenvalues occur, so J∇ = J∇
′
by Proposition
4.1.
What remains is to show that for torsion zero connections J∇ = J∇
′
implies that
∇ and ∇′ are projectively equivalent. But when ∇ and ∇′ = ∇ + A both have zero
torsion, then A has values in the bundle associated to S2V ∗ ⊗ V . The highest weights
of irreducible components will be the dominant elements of the set 2ωn−1 + {ω1, ω2 −
ω1, ω3 − ω2, . . . , ωn−1 − ωn−2,−ωn−1} and these are {ωn−1, 2ωn−1 + ω1}. The first is V
∗
which has no 3i eigenvalue and the second is V (1, 0, . . . , 0, 2) which therefore does have
a 3i eigenvalue. It follows from Proposition 4.1 that J∇ = J∇
′
implies that A has values
in the irreducible component of S2V ∗ ⊗ V corresponding to V ∗. This is embedded via
α ∈ V ∗ 7→ α(X)Y + α(Y )X . Hence ∇ and ∇′ are projectively equivalent.
When is the almost complex structure J∇ integrable? This question was considered
in various cases in [9]. The condition discovered there is the analogue for the Nijenhuis
tensor of J∇ of Proposition 4.1 and tells us that the torsion and curvature of ∇ should
have irreducible components only in subrepresentations of Λ2V ∗ ⊗ V and Λ2V ∗ ⊗ gl(V )
where j0, viewed as an element of the Lie algebra gl(V ) acting in these representations
has no 3i or 4i eigenvalue, respectively. Let us look at the torsion condition first, as it
leads to a simplification of the curvature case.
Theorem 4.3 If J∇ is integrable then there is another connection ∇′ defining the same
almost complex structure on J(M) and with zero torsion.
Proof The eigenvalues of j0 are imaginary and so we really need to work with the
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complexification of V , but to keep the notation simple we shall still refer to this as V .
The eigenvalues of j0 on V and V
∗ are ±i, and on a k-fold tensor product of these we
get eigenvalues which are a sum of k of these. Thus possible eigenvalues on torsion
tensors are ±3i,±i, and the 3i does occur on the whole space as it is the value of the
highest weight on j0. It cannot occur on T2 since this is isomorphic to V
∗ and so the 3i
eigenvalue occurs on T1. By the result of [9] it follows that when J
∇ is integrable, T∇
must lie in the T2 subspace. If we set
α(X) =
1
n− 1
∑
i
ǫi(T (X, ei)),
in the notation of Section 3.1, then we have
T∇(X, Y ) = α(X)Y − α(Y )X.
Consider
∇′XY = ∇XY −
1
2
(α(X)Y − α(Y )X).
∇′ clearly has torsion zero and differs from ∇ by an endomorphism-valued 1-form with
no component having eigenvalue 3i. So by Proposition 4.1 J∇ = J∇
′
.
Theorem 4.3 allows us to assume, without loss of generality, that the connection ∇
defining the almost complex structure has torsion zero, which we do from now on.
Theorem 4.4 Let ∇ be a torsion-free connection then J∇ is integrable if and only if
W∇ = 0.
Proof The curvature argument is similar to the torsion case with the appropriate
changes of representation and eigenvalue. Integrability forces any irreducible component
of the curvature to vanish if the 4i eigenvalue of j0 occurs on the corresponding irreducible
component of B. It is easy to see that (i) the 4i eigenvalue does occur on B, that (ii)
the only eigenvalues on V ∗ ⊗ V ∗ are 0 and ±2i and hence that the 4i eigenvalue must
actually occur on the space of Weyl tensors. Thus the integrability condition for J∇ is
that the Weyl component, W∇, must vanish.
Remark 4.5 When dimM = 2, any W∇ = 0 since then the space of curvature tensors
is just [T ∗M ⊗ T ∗M ∧ Id]. Thus, in this case, any J∇ is integrable.
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5 Projectively Flat Connections
Definition 5.1 Say that a connection ∇ on a manifoldM is projectively flat or of Ricci
type if W∇ = 0.
We are going to show that when dimM = n ≥ 3, a projectively flat connection ∇
induces a local diffeomorphism between M and RP n which intertwines the projective
class of ∇ with the projective class of the Levi-Civita connection on RP n.
We begin by describing the relevant geometry of RP n.
Denote by V the trivial bundle RP n × Rn+1 and let Λ → RP n be the tautological
subbundle of V whose fibre at ℓ ∈ RP n is ℓ ⊂ V . The flat connection d on V induces a
canonical isomorphism β : TRP n → Hom(Λ, V/Λ) such that, for σ a section of Λ,
β(X)σ = dXσ mod Λ.
There is a dual isomorphism (also called β) from T ∗RP n to Hom(V/Λ,Λ) determined
by
β(α)β(X)σ = α(X)σ
or, equivalently,
β(α)dXσ = α(X)σ.
The connections in the projective class we wish to consider are in bijective corre-
spondence with complements to Λ in V . Indeed, if U is such a complement so that
V = Λ ⊕ U , then d followed by projection along Λ or U gives connections ∇ on Λ and
U ∼= V/Λ and so connections on Hom(Λ, V/Λ) and so, via β, on TRP n.
To compute the curvature and torsion of such a ∇, first note that β induces an
isomorphism TRP nΛ ∼= U via
X ⊗ σ 7→ β(X)σ ∈ V/Λ ∼= U
so that we have a connection-preserving isomorphism V ∼= Λ⊕ TRP nΛ with respect to
which the flat derivative decomposes as
d =
(
∇ Q
Id ∇
)
for some Q a 1-form with values in T ∗RP n. Explicitly,
dX(σ, Y ⊗ τ) = (∇Xσ +Q(X, Y )τ,∇X(Y ⊗ τ) +X ⊗ σ).
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We compute the curvature of d:
0 = Rd =
(
R∇ + [Q ∧ Id] d∇Q
d∇ Id R∇ + [Q ∧ Id]
)
.
In particular, d∇ Id = T∇ = 0 so that ∇ is torsion-free. Further, R∇ + [Q ∧ Id] = 0 on
both Λ and TRP nΛ and so on TRP n also (we are in the situation of section 2.2 so there
is no ambiguity in the definition of our brackets). In particular, R∇ has no component
in W so that ∇ is projectively flat.
To see how∇ varies with U , we need an explicit formula for∇. For this, let π : V → Λ
be the projection along U . Then
β(∇XY )σ = (∇Xβ(Y ))σ
= ∇X(β(Y )σ)− β(Y )∇Xσ
= dX((1− π)dY σ)− dY (πdXσ) mod Λ
= dXdY σ − dX(πdY σ)− dY (πdXσ) mod Λ.
The projection along any other complement differs from π by a section of Hom(V/Λ,Λ)
and so is of the form π−β(α) for some 1-form α. If ∇α is the corresponding connection
then we have
β(∇αXY −∇XY )σ = dX(β(α)dY σ) + dY (β(α)dXσ) mod Λ
= β(X)(α(Y )σ) + β(X)(α(Y )σ)
= β([X,α]Y )σ.
Thus ∇α = ∇− [α, Id].
We have therefore constructed a projective class of projectively flat torsion-free con-
nections on RP n.
Remark 5.2 Equip V with a flat metric and take U = Λ⊥. The metric induced on
Hom(Λ, U) gives, via β, an SO(n + 1)-invariant Riemannian structure on RP n which
is that for which RP n is a Riemannian symmetric space. Moreover, the corresponding
connection ∇, being torsion-free and clearly metric, is the Levi-Civita connection for the
symmetric metric.
Suppose now that M is an n-manifold, n ≥ 2, with torsion-free connection ∇ and let
Λ be a bundle of −n/(n + 1)-densities. Then ∇ induces a connection on Λ, also called
∇, with curvature F∇ given by
F∇ = −
1
n + 1
TrR∇ = −
1
n + 1
s∇ = −
2
n + 1
r∇
−
.
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Moreover, set
Q∇ =
1
n− 1
r∇+ +
1
n+ 1
r∇
−
so that, on TM , R∇ + [Q∇ ∧ Id] = W∇.
Set V = Λ⊕ TMΛ and, as before, define a connection D on V by
D =
(
∇ Q∇
Id ∇
)
.
Then
RD =
(
F∇ + [Q∇ ∧ Id] d∇Q∇
d∇ Id (R∇ + [Q∇ ∧ Id])⊗ Id+ Id⊗(F∇ + [Q∇ ∧ Id])
)
.
Once more, d∇ Id = T∇ = 0 while, for σ a section of Λ,
[Q∇ ∧ Id](X, Y )σ = Q∇X(Y ⊗ σ)−Q
∇
Y (X ⊗ σ)
= (Q∇(X, Y )−Q∇(Y,X))σ
so that [Q∇ ∧ Id] = 2Q∇− = −F
∇ on Λ. Therefore,
RD =
(
0 d∇Q∇
0 W∇ ⊗ Id
)
.
Remark 5.3 Although it is not at first apparent, our construction of (V,D) depends
only on the projective class of ∇. From a more invariant view-point, V ∗ is the bundle
J1(Λ
∗) of 1-jets of sections of Λ and D is the normal Cartan connection thereon, c.f.
[2, 4].
Proposition 5.4 For n = dimM ≥ 3, D is flat if and only if W∇ = 0
Proof The only issue is to show that when W∇ = 0 then d∇Q∇ vanishes also. Now
the second Bianchi identity together with T∇ = 0 gives
d∇W∇ = d∇[Q∇ ∧ Id] = [d∇Q∇ ∧ Id].
Now, for any 2-form ω with values in T ∗M , one readily computes that
αi([ω ∧ Id](X, Y,Xi)Z) = −((n− 2)ω+ + (n + 1)ω−)(X, Y, Z)
where ω+ and ω− are, respectively, the components of ω in B0 and Λ
3T ∗M . Thus, when
n ≥ 3 and W∇ vanishes, both (d∇Q∇)± vanish whence d
∇Q∇ = 0 and D is flat.
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Remark 5.5 When n = 2, any connection is projectively flat so that C∇ = d∇Q∇ is
the only obstruction to flatness of D. In this case, C∇ is an invariant of the projective
class of ∇: it is the projective covariant of Veblen–Thomas [17]. This is the projective
analogue of the Cotton–York tensor of conformal geometry.
Suppose now that D is flat. On a simply connected open subset Ω of M , we can
trivialise the pair (V,D): that is, there is a bundle isomorphism Φ : V |Ω ∼= M × R
n+1
such that Φ◦D = d◦Φ. We now have a map φ : Ω→ RP n given by φ(x) = ΦΛx ⊂ R
n+1
for which
φ−1ΛRPn = ΦΛ.
Set U = Φ(TMΛ): a complement to ΦΛ. Then we may view φ∗β as taking values in
Hom(ΦΛ, U) ∼= φ−1TRP n. We have
dX(Φσ) = Φ(DXσ)
and taking the component in U yields
φ∗β(X)Φσ = Φ(X ⊗ σ).
We conclude that φ∗β is an isomorphism so that φ is a local diffeomorphism. Moreover,
φ∗β and hence dφ intertwines ∇ with the connection on RP n induced by U .
To summarise:
Theorem 5.6 ([18]) Let M be an n-dimensional manifold with torsion-free connection
∇. Suppose that either n ≥ 3 and W∇ = 0 or n = 2 and C∇ = 0. Then there are local
affine diffeomorphisms between M and RP n equipped with a connection in the projective
class of the symmetric connection.
In particular, in this case, the projective class of ∇ contains a locally symmetric
connection and the twistor space of M is locally biholomorphic to that of RP n.
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